Abstract. We study C a,b curves and their applications to coding theory. We show how C a,b curves can be used to construct MDS codes and focus on some C a,b curves with extra automorphisms, namely y 3 = x 4 + 1, y 3 = x 4 − x, y 3 − y = x 4 . The automorphism groups of such codes are determined in most characteristics.
Introduction
In the design of new codes algebraic geometry codes (AG-codes), also known as Goppa codes, play an important part and have been well studied in the last few decades. In designing such codes an important fact is the number of points of the algebraic curve over a finite field. Hence, it is natural that the algebraic curves that have been used so far are curves for which such number of points can be computed. Is there a "nice" family of curves which can be used to construct good codes? Hermitian curves have been used successfully by many authors in addition to hyperelliptic curves and other families of curves. The most natural curves are superelliptic curves as shown in [5, 8, 11, 16, 21] In this paper we investigate a family of curves which belongs to superelliptic curves, namely the C a,b curves. C ab curves are algebraic curves with very interesting arithmetic properties. There are algorithms suggested which count the number of points of these curves using the Monsky-Washnitzer cohomology; see [7] . In this paper we study how these properties can be used in constructing good algebraic geometry codes.
In Section 2, we give a brief introduction to algebraic geometry codes (AGcodes). This is well-known material. As a standard reference we use [9] . Many other excellent resources exist.
In Section 3, we briefly define C ab curves. Such curves have degree a, b covers to P 1 . The existence of certain divisors makes these curves useful in coding theory. For more details on AG-codes and quantum AG-codes one can check [8, 15, 16, 19] .
In Section 4, we study the locus of genus g, C a,b curves for fixed a, b. Such curves have degree a, b covers to P 1 . Such covers are classified according to the ramification structure. We assume that the cover has the largest possible moduli dimension. This determines a ramification structure σ. The simplest case of C a,b curves are hyperelliptic curves and superelliptic curves. Such curves have been studied in detail by many authors and are well understood. They are the main classes of curves being used in coding theory and cryptography.
Denote the moduli spaces of these maximal moduli dimension degree a, b coverings by M a and M b respectively and let g = In the last section we use C a,b curves of genus 3 to construct AG-codes. Such codes are MDS codes. We focus on some genus 3 C ab curves with extra automorphisms, namely
The automorphism groups of such codes are determined for some characteristics.
This is an updated version of a small note from 2006. Connections to superelliptic curves are added and an updated list of references.
Notation: Throughout this paper X will denote a smooth, projective curve defined over some field F . By Aut (X ) we denote the group of automorphisms of X defined overF . By C we will denote a linear code. The permutation automorphism group of C will be denoted by PAut (C), the monomial automorphism group by MAut (C), and the automorphism group by ΓAut (C). F q denotes a finite field of q elements.
Preliminaries
Let F q be a finite field of size q and X a genus g ≥ 2 algebraic curve defined over F q . Let F be the function field of X and P 1 , . . . , P n be points of multiplicity on in X
We take divisors
The following linear map is called the evaluation map
Thus, the code is given by
It is a linear code [n, k, d] with parameters 
To characterize the dual code of a AG-code we need to look at the original definitions of Goppa by means of differential forms and its relations to the code defined above. We define the code C Ω (D, G) by G) , where D and G are as above is equal to the dual of
with
. . , n, and a = (res P1 (η) , . . . , res Pn (η)). Moreover,
The following proposition is cited from [23, Prop. VII.1.2]. It allows to construct differentials with special properties that help to construct a self-orthogonal code.
Lemma 2. Let x and y be elements of F such that v Pi (y) = 1, v Pi (x) = 0 and x(P i ) = 1 for i = 1, . . . , n. Then the differential η := x · dy y satisfies v Pi (η) = −1, and res Pi (η) = 1 for i = 1, . . . , n.
Next we give some standard definitions on automorphism groups of codes, which will be the main focus of this paper. A basic reference is [9] .
The permutation automorphism group of the code C ⊆ F n q is the subgroup of S n (acting on F n q by coordinate permutation) which preserves C. We denote such group by PAut (C).
The set of monomial matrices that map C to itself forms the monomial automorphism group, denoted by MAut (C). Every monomial matrix M can be written as M = DP where D is a diagonal matrix and P a permutation matrix. Let γ be a field automorphism of F q and M a monomial matrix. Denote by M γ the map
The set of all maps M γ forms the automorphism group of C, denoted by ΓAut (C). It is well known that
Next we will define as admissible a class of curves which have some additional conditions on their divisors. Definition 1. A genus g ≥ 2 curve X /F q is called admissible if it satisfies the following properties:
i) there exists a rational point P ∞ and two functions x, y ∈ F such that
and k, l ≥ 1;
ii) for m ≥ 0, the elements x i y j with 0 ≤ i, 0 ≤ j ≤ k − 1, and ki + lj ≤ m form a basis of the space L(mP ∞ ).
Next we define
With the above notation we have the following:
where n = |J| and
Proof. See [26] for details
In the next two sections we will see how we can compute the automorphism groups of certain AG-codes constructed by some superelliptic curves.
Introduction to C ab curves
In this section, we introduce the notion of C ab curves which constitute a wide class of algebraic curves including elliptic curves, hyperelliptic curves and superelliptic curves. They have been studied by many people due to their nice properties.
Throughout this section k denotes an algebraically closed field of characteristic not equal to 2. Let a and b be relatively prime positive integers. Then a curve X defined over k is called an C ab curve if it is a nonsingular plane curve defined by f (x, y) = 0, where f (x, y) ∈ k[x, y] has the form
Let X be a C ab curve defined over k. There exists exactly one k-rational place ∞ at infinity, which implies that the degree of ∞ is 1. Furthermore, the pole divisors of x and y are a · ∞ and b · ∞, respectively. The genus of X is
Hence, C a,b curves have fully ramified degree a and b covers to P 1 (k). Consider first the degree a cover π a : C a,b → P 1 (k). Since the cover is fully ramified then there are at least 2g + a − 1 other branch points. Thus, the total number of branch points is Proof. Every genus g hyperelliptic curve can be written as y 2 = f (x) such that deg f = 2g + 1. Take a = 2 and b = 2g + 1.
Next, we will see superelliptic curves which are even a larger class than that of hyperelliptic curves, but first the following example.
Example 1. Let a = 3, b = 4. Then the genus of the curve is g = 3 and we have
Since the dimension of M 3 is 5 then we should be able to write this curve in a "better" way; see the next section for details. The next proposition will be useful when we construct AG-codes from C ab curves.
Corollary 2. C a,b curves are admissible curves.
Hence we can use the results of the previous section when constructing codes from such curves.
3.1. Superelliptic curves. There are a special class of C ab curves which are well understood due to the work of many authors [1-4, 6, 11, 13, 18, 25] .
Let X be a genus g ≥ 2 algebraic curve defined over k, G its automorphism group, and H a subgroup of G of order |H| = m, inside the center Z(G), such that the genus of the quotient space X /H is zero. Such curves are called superelliptic curves and they can be written with the affine equation y m = f (x) for some f ∈ k[x]; see [3] for more details.
The following lemma is an immediate consequence of the definition.
Lemma 3. Superelliptic curves are C ab curves.
Then we have the following.
Corollary 3. Superelliptic curves are admissible curves.
In [14] are determined are possible groups of superelliptic curves defined over fields of characteristic = 2. In [20] are determined even the equations for each group. This is not known for algebraic curves in general.
3.2. Automorphism groups of C ab curves. Let X be a C ab curve as above. Can we determine the automorphism group of X over k in terms of a, b? For genus g = 2, 3 such groups can be determined by work of previous authors; see [24] for genus 2 curves and [14, 20] for genus 3 superelliptic curves. In [22] is treated the case of genus 3 non-hyperelliptic curves. For higher genus such groups can be determined if the C ab curve is hyperelliptic or superelliptic. In general there is no known algorithm to determine the automorphism group of an algebraic curve. Lemma 4. Let X be a genus g = 2 algebraic curve as in Eq. (1) defined over k. Then Aut (X ) is isomorphic to one of the following:
For the case p = 2 see [24] for details. For g = 3 see [14, 20] . The automorphism groups of superelliptic curves defined over a field k such that chark = 2 are determined completely in [14, 20] and the corresponding equations are determined in [17] .
4. The locus of C 3,4 curves in the moduli space M 3
In this section we want to focus on non-hyperelliptic genus 3 curves. More precisely, we want to study the space of C 3,4 curves in the moduli space M 3 . Throughout this section all curves are defined over a characteristic zero field.
We first give a brief introduction to the Hurwitz spaces and projection of such spaces on M g . Let X be a curve of genus g and f : X → P 1 be a covering of degree n with r branch points. We denote the branch points by q 1 , . . . , q r ∈ P 1 and let p ∈ P 1 \ {q 1 , . . . , q r }. Choose loops γ i around q i such that
Γ acts on the fiber f −1 (p) by path lifting, inducing a transitive subgroup G of the symmetric group S n (determined by f up to conjugacy in S n ). It is called the monodromy group of f . The images of γ 1 , . . . , γ r in S n form a tuple of permutations σ = (σ 1 , . . . , σ r ) called a tuple of branch cycles of f . We call such a tuple the signature of φ. The covering f : X → P 1 is of type σ if it has σ as tuple of branch cycles relative to some homotopy basis of P 1 \ {q 1 , . . . , q r }. Two coverings f : X → P 1 and f ′ : X ′ → P 1 are weakly equivalent (resp. equivalent ) if there is a homeomorphism h : X → X ′ and an analytic automorphism
. Such classes are denoted by [f ] w (resp., [f ]). The Hurwitz space H σ (resp., symmetrized Hurwitz space H s σ ) is the set of weak equivalence classes (resp., equivalence) of covers of type σ, it carries a natural structure of an quasiprojective variety.
Let C i denote the conjugacy class of σ i in G and C = (C 1 , . . . , C r ). The set of Nielsen classes N (G, C) is
The braid group acts on N (G, C) as
i . We have Hσ = H τ if and only if the tuples σ, τ are in the same braid orbit O τ = O σ .
Let M g be the moduli space of genus g curves. We have morphisms
Each component of H σ has the same image in M g . We denote by
We say that the covering f or the ramification σ has moduli dimension δ := dimL g .
Let a, b be fixed and g = (a − 1)(b − 1)/2. The generic C a,b curve of genus g has a degree a cover π a : C a,b → P 1 (resp. degree b cover π b : C a,b → P 1 ). The ramification structure of π a : C a,b → P 1 is (a, 2, . . . , 2) where the number of branch points is d 1 = b(a − 1) + 1, as discussed in section 3. Let H a denote the Hurwitz space of such covers and M a its image in M g , as described above. Then, the dimension of M a ia δ 1 ≤ b(a − 1) − 2. Similarly, we get that the dimension of M b is δ 2 ≤ a(b − 1) − 2. Of course, the cover with smallest degree among π a and π b is the one of interest. From now on, we assume that a < b.
As mentioned above the goal of this section is to study the space M a,b for fixed a and b, particularly on the case a = 3 and b = 4.
Theorem 2. Every genus 3 curve is a C 3,4 curve. Moreover, every genus C 3,4 curve defined over a field k, is isomorphic to a curve with equation
Proof. The case of hyperelliptic curves is obvious. Hence, we focus on non-hyperelliptic genus 3 curves. Let C be a non-hyperelliptic genus 3 curve, P be a Weierstrass point on C, and K the function field of C. Then exists a meromorphic function x which has P as a triple pole and no other poles. Thus, [K : L(x)] = 3. Consider x as a mapping of C to the Riemann sphere. We call this mapping ψ : C → P 1 and let ∞ be ψ(P ). From the Riemann-Hurwitz formula we have that ψ has at most 8 other branch points. There is also a meromorphic function y which has P as a pole of order 4 and no other poles. Thus the equation of K is given by
The discriminant of f (x, y) with respect to y
, must have at most degree 8 since its roots are the branch points of ψ : C → P 1 . Thus, we have
Then, we have
which is obviously an C 3,4 curve. This completes the proof of the first statement. Let C be a C 3,4 curve defined over k. Then, C is a non-hyperelliptic genus 3 curve. Hence, it is isomorphic over k to a curve with equation as in Eq. (4); see [22] for details. This completes the proof.
Hence, the space of C 3,4 curves correspond to the moduli space M 3 . It is an interesting problem to see what happens for higher genus g.
Codes obtained from C a,b curves
In this section we will give examples of codes which are constructed based on C ab curves. We will focus on three curves, namely y 3 = x 4 + 1, y 3 = x 4 − x, and y 3 −y = x 4 . All these curves are genus 3 non-hyperelliptic curves. For characteristic p > 7 these curves have automorphism group isomorphic to a group with GAP identity (48, 33), (9,1), and (96, 64) respectively; see [12] 
The curve y
3 = x 4 + 1. Let X be the curve
This is a C 3,4 curve of genus 3. For characteristic p = 2, 3 the automorphism group of X is C 4 ⋊ A 4 , which has Gap identity (48, 33). We denote the set of affine rational points of X over
where n + 1 is the number of rational points of X and
We have the following result: where α is a primitive element of F 2 3 . The permutation automorphism group is PAut (C L (D, G)) ∼ = Z 14 .
5.2.
The curve y 3 = x 4 − x. Let X be the curve
For characteristic p > 7 the automorphism group of X is the cyclic group of order 9. Denote the set of affine rational points of X over F q by
, where n + 1 is the number of rational points of X and
We have the following result: Example 3. Let X be defined over F 2 3 . Take m = 3. By computation using GAP, we find that C L (D, G) is a [8, 2, 7] code with permutation automorphism group [56, 11](Gap identity), which is clearly an MDS code.
The curve y
3 − y = x 4 . Let X be the curve
defined over F q . Denote the set of affine rational points of X over F q by {P 1 , . . . , P n }. Let C = C L (D, G), where n + 1 is the number of rational points of X and
We have the following; where α is a primitive element of F 2 2 . The permutation automorphism group is isomorphic to the group with GAP identity [24, 12] . In this case PAut (C) ֒→ Aut (X ).
This code is clearly an MDS code.
Concluding remarks
It is an open question to determine the automorphism groups of AG-codes obtained by C a,b curves, in all characteristics. Moreover, even determining the list of automorphism groups of C a,b curves seems to be a non-trivial problem.
Furthermore, to determine the locus of C a,b curves, defined over C, in the moduli space M g , where g = , seems an interesting problem in its own right. A C a,b curve has covers of degree a and b to P 1 . One has to take such covers in the most generic form. The space of C a,b curves in M g will be the intersection of the corresponding Hurwitz spaces. To generalize this for any a, b would require a careful analysis of the corresponding Hurwitz spaces.
Since the first version of this note, considerable progress has been made with superelliptic curves. Such curves are well understood and their automorphism groups fully determined in all characteristics different from two, due to work of Sanjeewa [14] . Moreover, for all such groups we can determine the equation of the corresponding curve [20] . For curve with extra automorphisms such equations can be determined over the minimal field of definition due to work of Beshaj/Thompson
